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tures. The analysis uses ﬁnite elements and is veriﬁed with test problems and convergence checks. The
key ﬁnding is that, in what might reasonably be viewed as a fully-plastic state, the molding pressure nor-
malized by the yield stress is equal to a constant plus a term that increases linearly with the depth of
indentation. This is in contrast to Tabor’s classical result for hardness testing that has the normalized
pressure solely equal to a constant when response is fully plastic. The additional linear stiffening term
found with the ﬁnite element analysis of the present conﬁguration is conﬁrmed experimentally. An
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approach a nearly uniform distribution within the fully-plastic state. Implications for compression mold-
ing are discussed.
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This paper considers the response of a homogeneous elasto-
plastic substrate, with an initially ﬂat, horizontal, upper surface,
when it is appreciably indented by a periodically-spaced array of
parallel, ﬂat-ended, elastic, strip punches pressed vertically and
slowly into its surface. The primary motivation for considering this
conﬁguration is to improve our understanding of the mechanics of
direct compression molding of metals at the microscale.
Metal-based microdevices possess potential advantages in
niche applications as compared to the more ubiquitous silicon-
based micro-electro-mechanical systems. Cases in point include
microscale electromagnetic relays (Williams and Wang, 2004)
and microchannel heat exchangers or MHEs (Mei et al., 2008). In
particular, MHEs can remove high heat ﬂux in an efﬁcient manner,
and may be the critical enabler for a wide variety of applications,
ranging from next-generation high-performance microelectronics
to future, high-efﬁciency, lighting modules. Microchannel heat
exchangers built from metals such as copper and aluminum prom-
ise increased thermal performance and mechanical robustness as
compared to silicon-based devices.
Currently, MHE research focuses on silicon-based devices be-
cause fabrication technologies for Si-based high-aspect-ratioll rights reserved.
: +1 225 578 5924.microscale structures (HARMS) are the most mature and most
widely available. A bottleneck for the wider implementation of me-
tal-based MHEs is the lack of suitable fabrication methods. In this
regard, replication from a microscale mold insert offers an impor-
tant strategy toward efﬁcient fabrication of metal-based HARMS.
The process of replication involves the use of primary HARMS as
a mold insert to create the negative of the insert pattern in metals
by direct compression molding. Using molding replication, second-
ary HARMS can be produced in different engineering materials
without repeating the processes through which HARMS on the
mold insert are created, and therefore at relatively low cost and
high throughput.
Since 2003, successful HARMS replication by direct compres-
sion molding has been demonstrated for a number of metals
(Cao et al., 2003; Cao and Meng, 2004; Jiang et al., 2008a). Fig. 1
shows an elastic tantalum insert used to mold an elasto-plastic
aluminum substrate, and the microchannels so formed. Such mold-
ing requires appropriate surface treatment of the insert in order to
achieve repeated molding replication without damage to the insert
(Cao et al., 2001). In the example shown in Fig. 1(a), a thin ﬁlm of
titanium-containing, amorphous, hydrogenated carbon was depos-
ited conformally over the tantalum insert. The molding process
was also carried out at elevated temperatures (300–500 C) to re-
duce the molding forces required.
Understanding the mechanics of such replication processes is
useful because it can guide molding process design. To this end,
Fig. 1. (a) Tantalum insert used to mold aluminum (shown upside down). (b)
Molded aluminum microchannel (cross-sectional view).
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of the processes involved in Meng et al. (2005) and Jiang et al.
(2007). Here we seek to improve this understanding and carefully
track elasto-plastic response for a conﬁguration analogous to Fig. 1
well into what might reasonably be viewed as a fully-plastic state.
A secondary motivation for the present study comes from the
use of dovetail attachments to connect blades to disks in the gas
turbine industry. An appreciation of the operating stresses in such
conﬁgurations can help in designing against attachment failure.
While two-dimensional and three-dimensional elastic stress anal-
yses of dovetail attachments are available (Sinclair et al., 2002;
Beisheim and Sinclair, 2008), the high loads incurred in gas tur-
bines induce responses in an elasto-plastic state. Although the con-
ﬁguration treated here is not the same as that in a dovetail
attachment, it is similar enough to offer some guidance for the
elasto-plastic stress analysis of such attachments.
The conﬁguration of interest is a contact problem. This class of
problems has received considerable attention since the seminal
investigation of Hertz (1882). Fine accounts of much of this re-
search may be found in the monographs of Gladwell (1980) and
Johnson (1985).
For our speciﬁc contact problem, there are some analytical
treatments of the elastic response for similar but not identical con-
ﬁgurations. Analytical solutions for a single, rigid, ﬂat, strip punch
pressed vertically into the horizontal upper surface of an elastic
half-space are given in Sadowsky (1928) for the frictionless case
and in Abramov (1937) for the adhesive case. An analytical solution
for a periodic array of such punches is given in Westergaard (1939)
for the frictionless case.1 All of these solutions are for punches with1 The solution in Westergaard (1939) needs to be supplemented by a constant
horizontal stress for the punches to maintain their original horizontal spacing.sharp corners and so contain stress singularities at punch edges. An
analytical solution for a single strip punch with a ﬂat base and
rounded edges is given in Shtaerman (1949) for the frictionless case.
This solution replaces stress singularities with stress concentrations,
albeit high stress concentrations when edge radii are small. Because
the insert in Fig. 1(a) and others like it do in fact have small edge ra-
dii, the solution in Shtaerman (1949) is the most relevant here, and
subsequently we compare some of our ﬁnite element results with
this solution.
On turning to elasto-plastic response, analysis of like contact
problems becomes numerical, and primarily via ﬁnite element
analysis (FEA). At this time, the literature has a considerable num-
ber of FEA investigations of elastic or rigid indenters pressed
slowly and vertically into ﬂat, horizontal, upper surfaces of homo-
geneous elasto-plastic substrates. The bulk of these investigations
concern spherical indenters because of implications for Brinell
hardness testing. In chronological order, the following contain such
investigations: Hardy et al. (1971), Lee et al. (1972), Voyiadjis and
Buckner (1983), Yokouchi et al. (1983), Follansbee and Sinclair
(1984), Sinclair et al. (1985), Endahl (1986), Underwood et al.
(1986), Cai (1992), Murakami and Yuan (1992), Edlinger et al.
(1993), Kral et al. (1993), Montmitonnet et al. (1993), Biwa and
Storåkers (1995), Oka et al. (1995), Carè and Fischer-Cripps
(1997), Fischer-Cripps (1997), Huber and Tsakmakis (1998), Taljat
et al. (1998), Mesarovic and Fleck (1999), Guyot et al. (2000),
Kucharski and Mróz (2001), Yan and Li (2003), Kogut and Komvo-
poulos (2004), Park and Pharr (2004), Abudaia et al. (2005) and
Pane and Blank (2006). There are also quite a number of investiga-
tions of conical or pyramidal indenters because of implications for
other hardness tests such as Rockwell and Vickers. In chronological
order, there are: Bhattacharya and Nix (1988), Cai (1992), Giannak-
opoulos et al. (1994), Murakami and Matsuda (1994), Larsson et al.
(1996), Marx and Balke (1997), Murakami and Itokazu (1997),
Cheng and Cheng (1998), Chen and Vlassak (2001), Kumar et al.
(2001), Larsson (2001), Mata et al. (2002), Matsuda (2002), Sakai
et al. (2003), and Mata and Alcalá (2004). There are relatively
few investigations for speciﬁc plane-strain indenters because there
are no companion hardness tests. Most of these are for right-circu-
lar cylinders: Akyuz and Merwin (1968), Dumas and Baronet
(1971), Yokouchi et al. (1983), Cheng and Kikuchi (1985), Cinar
and Sinclair (1986), Cai (1992), and Gupta et al. (1995). Some oth-
ers are for wedge-shaped indenters: Cai (1992), and Jayadevan and
Narasimhan (1995). To date, there would only appear to be two
investigations of ﬂat-ended indenters: Lee and Kobayashi (1970),
and Bijak- _Zochowski and Marek (1996). At this time, there would
not appear to be any elasto-plastic investigations of indentation
by a periodic array of ﬂat-ended plane-strain indenters: the closest
to this contact problem would seem to be Bijak- _Zochowski and
Marek (1996), and subsequently we compare with their results.
For spherical indenters, the response of elasto-plastic substrates
can be viewed as falling into three successive states as indentation
proceeds, these being the elastic, elasto-plastic, and fully-plastic
states. In the fully-plastic state, yielding beneath the indenter has
progressed to the point that the yield region has reached the sub-
strate surface outside of the contact region. In this state, materials
that do not harden after yielding – perfectly-plastic materials –
have Meyer hardnesses that take on a constant value when nor-
malized by respective yield stresses. That is, for perfectly-plastic
materials,
p
rY
¼ C; ð1Þ
where p is the average pressure over the projected area of indenta-
tion, rY is the yield stress, and C is a constant in the range 2.8–2.9.
Eq. (1) is Tabor’s rearrangement (Tabor, 1951, Chapter II) of Meyer’s
law (Meyer, 1908), the latter being ﬁrst demonstrated experimen-
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ers including Tabor. With this rearrangement, response beneath the
indenter has to scale with indentation radius, including the size of
the yield region. Thus when (1) holds, yield regions in the fully-
plastic state propagate in a self-similar manner as indentation pro-
ceeds. While the reverse has not been formally argued, it is not
unreasonable to expect that self-similar propagation of yield re-
gions with indentation promotes a response as in (1).
By adopting an appropriately deﬁned ﬂow stress rF instead of
rY , Tabor also found (1) to hold for materials that work harden.
For spherical indenters, Tabor found this representative ﬂow stress
to be that for the ﬂow strain at the edge of contact (Tabor, Chapter
V). Tabor further estimated this ﬂow strain to be 0:2a=R from
microhardness measurements, where a is the indentation radius
and R is the spherical indenter radius.
Finite element simulations of spherical indentation that track the
deformation far enough conﬁrm the attainment of a fully-plastic
state wherein (1) or its counterpart with rF holds, and self-similar
response occurs. For example, in Sinclair et al. (1985), C is deter-
mined with ﬁnite element analysis to be 2.8 for a=R in the range
0.06–0.32,with the depth and lateral extents of the yield regionboth
approximately scaling as 3a. Like response in the fully-plastic state is
fairly readily apparent in simulationsof Fischer-Cripps (1997), Taljat
et al. (1998), Kogut and Komvopoulos (2004), Park and Pharr (2004),
andPaneandBlank (2006). Finite element simulationsof conical and
pyramidal indentation also conﬁrm self-similar response in a fully-
plastic state: Bhattacharya and Nix (1988) and Larsson et al. (1996).
In contrast, ﬁnite element simulations of plane-strain indenta-
tion do not appear to ﬁnd a fully-plastic state wherein (1) with
either rY or rF holds and self-similar response occurs. For plane-
strain conﬁgurations, after the yield region reaches the substrate
surface outside of contact there is an appreciable reduction in
the stiffness of the substrate but nonetheless increasing applied
normalized pressures, p=rY or p=rF , are required for further inden-
tation. For indentation by a rigid, long, ﬂat punch, such response is
demonstrated in Lee and Kobayashi (1970), and for indentation by
a rigid, long, right-circular, cylindrical roller with axis horizontal,
such response is demonstrated and in Cinar and Sinclair (1986).
In this second paper, vertical yield region extents propagate
approximately 30% more rapidly than lateral extents, and hence
yield region propagation is not self-similar: for the same conﬁgura-
tion, like yield region propagation is found in Dumas and Baronet
(1971).
Turning tomicroscale compression molding, the principal distinc-
tion is the far greater depths of indentation involved. This leads to
(1) being replaced by
p
rY
¼ C þ C0 d
b
; ð2Þ
where d is the depth of indentation and b is a measure of the lateral
extent of the indenter. In (2), C and C0 are two constants that depend
on the indenter being used to effect the molding: (2) is demon-
strated experimentally for arrays of cylindrical posts in Meng
et al. (2005) and strip punches in Jiang et al. (2007).
In Meng et al. (2005), indentation is with a periodically-spaced
array of ﬂat-ended, right-circular, cylindrical posts with axes verti-
cal. The substrate is lead at six elevated temperatures, thus having
six distinct yield strength values (DrY=rY of 50%, DrY being the
range of rY and rY being the mean). Using (2) and normalizing
molding pressures by rY , the variation in molding pressures at
maximum indentation depth for the six temperatures is reduced
from 57% to 12%.
In Jiang et al. (2007), indentation is with a periodically-spaced
array of ﬂat strip punches, the conﬁguration of interest here. Thesubstrate is aluminum at four elevated temperatures, thus having
four distinct yield strength values (DrY=rY of 83%). Using (2), the
variation in molding pressures at maximum indentation depth is
reduced from 86% to 19%. For (2) in ibid, Fig. 11, C is in the range
2.2–2.7 and C0 ¼ 0:7 when b is the half-width of a strip punch.
For an isolated strip punch, Nadai (1963) experimentally found a
C in this range, but did not include a C0 contribution.
Apparently the main underlying reasons for microscale com-
pression molding complying with (2) are the development of a
self-similar fully-plastic state for C and sidewall contact with
friction for C0. However, there is a question of whether or not a
self-similar plastic state is really attained for the strip punches of
concern here. While earlier plane-strain studies would seem to
suggest that this may well not be the case for an isolated strip
punch, the periodic array considered here introduces additional
constraints that may lead to approaching self-similar response.
There is a further question concerning (2). This is the existence
of an experimentally observed C0 contribution from the outset of
compliant response in microscale compression molding. While
sidewall contact is conﬁrmed experimentally by pull-out forces
in the later stages of molding, initially it is to be expected that
no sidewall contact occurs. For a perfectly-plastic substrate then,
there is the question of what leads to stiffening ðC0–0Þ prior to
sidewall contact.
A last question of concern here is how do the contact stresses
redistribute with plastic ﬂow. Initially with small edge radii on
strip punches, contact stresses near the edges can be of the order
of 100 times their mean values. How quickly such stress concentra-
tions abate with plastic ﬂow has implications for the strength
requirements for mold inserts. In what follows, we attempt to ad-
dress all three of these questions.
We begin with a formulation of an elasto-plastic simulation for
a conﬁguration similar to Fig. 1 in Section 2, with some attention
being paid to the selection of a representative stress–strain curve.
Next, in Section 3, the approach used in the FEA is described to-
gether with veriﬁcation via test problems and convergence checks.
Thereafter, in Section 4, results for indentation depth versus ap-
plied pressure are compared with experimental values, and contact
and interior stresses as well as yield regions tracked as the simula-
tion proceeds through an elasto-plastic state into a fully-plastic
one. The paper closes in Section 5 with some concluding remarks
in the light of results found.2. Formulation of a model problem
The conﬁguration chosen to model an application like that of
Fig. 1 entails a uniformly spaced array of elastic strip punches,
modeling the tantalum (Ta) insert, pressed into an elasto-plastic
slab in a state of plane strain, modeling the aluminum (Al) sub-
strate. Each punch has a ﬂat section of width of 2a, edge radii re,
and a total width 2b ¼ 2ðaþ reÞ (Fig. 2). Each punch is pressed
slowly into the elasto-plastic slab by a pressure p, and makes con-
tact with the slab over a strip of width 2l ðl > aÞ.
This conﬁguration is largely framed in rectangular Cartesian
coordinates ðx; yÞ, supplemented with cylindrical polar coordinates
ðr; hÞ for the indenter near the edge of contact. The coordinate sys-
tems are related by
x ¼ aþ r sin h; y ¼ re þ r cos h; ð3Þ
for p < h 6 p. We use periodic symmetry to conﬁne attention to
the region to the right of the y-axis and the left of the center line
between the central punch and the ﬁrst punch to its right. Thus
the regions for analysis are the indenter region, RI , and the substrate
region, RS, and these are given by
pX re
y
x
H
2a
RS
2b
p
W
Elasto-plastic substrate
RIh
r
θ
p
W
l
Fig. 2. Cross-section of an elasto-plastic substrate indented by a periodic array of strip punches.
3680 J. Jiang et al. / International Journal of Solids and Structures 46 (2009) 3677–3693RI ¼ fðx; yÞj0 < x 6 a;h < y < 0 and
a < x < b;h < y <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2e  ðx aÞ2
q
 reg;
RS ¼ fðx; yÞj0 < x < W;0 < y < Hg; ð4Þ
where h is the height of RI , and W is the width, H the height of RS.
With these geometric preliminaries in place, we can formally state
this model problem as follows.
In general, we seek the accumulated plane-strain stresses
rx; ry and sxy, or rr; rh and srh, and their associated displace-
ments u and v, or ur and uh, as functions of x and y throughout RI
and RS, together with the contact extent l, for all time t > 0. The
stresses are accumulated from corresponding rates in accordance
with
rx ¼
Z t
0
_rx dt; ð5Þ
where t is time, with like expressions for the other components in
terms of their respective rates _ry; _sxy; _rr ; _rh and _srh. The displace-
ments are accumulated from corresponding rates in accordance
with
u ¼
Z t
0
_udt; ð6Þ
with like expressions for the other components in terms of the rates
_v; _ur and _uh. The stress rates and displacement rates throughout RI
and RS satisfy ﬁeld equations, boundary conditions, and contact
inequalities, as follows.
The ﬁeld equations are: the two-dimensional stress rate equa-
tions of equilibrium, and the stress rate versus displacement rate
relations for a linear elastic, homogeneous and isotropic, solid in
a state of plane strain for RI; the two-dimensional stress rate equa-
tions of equilibrium, and the ﬂow rule for a homogeneous and iso-
tropic, elastic and incompressible-plastic solid complying with von
Mises’ yield criterion with isotropic hardening in a state of plane
strain for RS (see ANSYS, 2007, Section 4.2 for further speciﬁcs).
The boundary conditions are: the applied pressure conditions,
_ry ¼  _p; _sxy ¼ 0; ð7Þ
on y ¼ h for 0 < x < b, where _p is the incremental pressure rate
that accumulates to the pressure p; the frictionless contact condi-
tions that insist on continuity of tractions and the normal displace-
ment within the contact region
_ryjy¼0þ ¼ _ryjy¼0 ; _sxyjy¼0þ ¼ _sxyjy¼0 ¼ 0; _v jy¼0þ ¼ _v jy¼0 ; ð8Þon y ¼ 0 for 0 < x < a,
_rr jr¼rþe ¼ _rrjr¼re ; _srhjr¼rþe ¼ _srhjr¼re ¼ 0; _ur jr¼rþe ¼ _ur jr¼re ; ð9Þ
on r ¼ re for 0 < h < hc , where hc ¼ sin1½ðl aÞ=re; the stress-free
conditions, outside of contact,
_rx ¼ 0; _sxy ¼ 0; ð10Þ
on x ¼ b for h < y < re,
_rr ¼ 0; _srh ¼ 0; ð11Þ
on r ¼ re for hc < h < p=2, and
_ry ¼ 0; _sxy ¼ 0; ð12Þ
on y ¼ 0 for l < x < W; the periodic symmetry conditions,
_u ¼ 0; _sxy ¼ 0; ð13Þ
on x ¼ 0 for h < y < H, and on x ¼W for 0 < y < H; and the far-
ﬁeld roller restraint conditions,
_v ¼ 0; _sxy ¼ 0; ð14Þ
on y ¼ H for 0 < x < W .
The contact inequalities insist that: the normal contact stress be
nowhere tensile within the contact region,
_ry 6 0; ð15Þ
on y ¼ 0 for 0 6 x < a and
_rr 6 0; ð16Þ
on r ¼ re for 0 < h < hc; and there is no contact outside of the con-
tact region,
vjr¼re 6 vjy¼0 þ re 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2e  ðx aÞ2
q
; ð17Þ
for xP l, where the displacement on the left-hand side of (17) is on
RI , the displacement on the right-hand side on RS.
Some comments on the foregoing formulation are in order.
First, the assumption of frictionless contact is made in part to re-
duce computation and in part because it is difﬁcult to determine
an appropriate coefﬁcient of friction. This assumption, however,
is not expected to affect the results sought here that much because
the present simulation, while it approaches sidewall contact, none-
theless stops short of actual contact. For sidewall contact, friction
can be expected to be a key effect because there is considerable rel-
ative motion between a punch and the substrate. For just endwall
contact, friction can be expected to be a minor effect because there
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check this last expectation, though, with a limited simulation with
a coefﬁcient of friction of 0.7, the value estimated in Jiang et al.
(2007).
Second, the formulation is for small deﬂections. In fact, we seek
to track response for indentation depths d that are of the order of
10% of W. For such an increase in displacement, we take the coor-
dinate system to be attached to the indenter. This leaves (7)–(11)
as is, while (12) maintains stress-free conditions but now on a de-
formed surface, (13) applies on a vertical range modiﬁed by the
accumulated displacement at the respective x locations, and (14)
applies at y ¼ H  d. We also invoke a ﬁnite strain formulation
using a logarithmic or Hencky strain (see ANSYS, 2007, Section
3.2 for further speciﬁcs).
Several actual speciﬁcations are required for the FEA of the pre-
viously formulated problem. To enable subsequent comparison
with experimental results, we take these speciﬁcations to be the
same, or effectively so, as in the microscale compression molding
application in Jiang et al. (2007). Thus ﬁrst, re=b;W=b;h=b;H=b
are taken to be 1/25, 26/5, 8/3 and 64/3, respectively, with
b ¼ 75 lm as in Jiang et al. (2007). Second, Young’s modulus and
Poisson’s ratio for the indenter are taken to be those of Ta, thus
EI ¼ 186 GPa and mI ¼ 0:35 from the ASM Metals Handbook
(1979). The Ta insert is assumed to behave as a linear elastic mate-
rial throughout the whole indentation process. This assumption is
conﬁrmed by experimental observations of no permanent indenter
deformation after numerous indentation runs. Finally, the stress–
strain curve of the substrate is selected from curves obtained from
Al uniaxial tensile tests at 360 C, a temperature at which the
molding experiments are conducted in Jiang et al. (2007).
Fig. 3 displays the uniaxial true stress r versus uniaxial true
strain e curves for Al obtained at 360 C for varying longitudinal
strain rates _e. These curves are converted from raw experimental
data of force versus extension, assuming uniform gauge deforma-
tion in the range 0 < e < 0:1 since in situ observation of gauge
deformation is not possible for the current experimental setup.
They exhibit responses which closely approximate that of an elas-
tic perfectly-plastic solid. Since the uniaxial tensile test did not
have sufﬁcient resolution to capture the initial elastic response
accurately, values of the Young’s modulus and Poisson’s ratio of
Al are obtained from a previous determination of elastic moduli
at the temperature of interest in Varshni (1970): hence for Al at
360 C, ES ¼ 56 GPa and mS ¼ 0:33.Fig. 3. Aluminum stress–strain curvesThe uniaxial tensile testing is conducted at high molding tem-
perature (T=Tm ¼ 0:68, where T is the temperature at which the
molding is performed in K, Tm is the melting temperature of Al in
K). Because of this high molding temperature, the deformation
may involve creep. Creep manifests itself as a dependence of the
stress–strain curve on strain rate. To explore the possibility of such
effects being signiﬁcant, we did the uniaxial tensile tests at three
strain rates, _e ¼ 3 104 s1; 1 103 s1 and 5 103 s1. Clearly
the curves in Fig. 3 show there are marked strain rate effects with
rY varying from 15 to 22 MPa. While it is possible to incorporate
such effects in the code used here (ANSYS, Version 11.0), this is
at the expense of increased computation. Because we seek to im-
prove understanding of the mechanics of micromolding for conﬁg-
urations like that of Fig. 1 rather than carry out a precise
simulation of the conﬁguration in Fig. 1, we instead look to deter-
mine a representative strain rate and single companion stress–
strain curve.
To estimate an appropriate average strain rate corresponding to
the molding experiment, we recognize that, in our problem, the
plastic strain dominates the total strain. We therefore adopt as
our estimate of a representative strain rate, _er , the average strain
in the plastic region at the conclusion of the indentation process di-
vided by the time to complete indentation.
Fig. 4 shows a schematic of the material under the indenter. Be-
cause of symmetry, only the region RS needs to be considered. A re-
gion under the indenter yields plastically due to the indentation. At
a particular molding depth d, the boundary of the yield region is
shown schematically as the dash-dotted line. Where the plastic
yield region intersects the side boundaries of RS, two yield region
depths are deﬁned: dY and d
0
Y at x ¼ 0 and x ¼ W , respectively. Be-
cause of the penetration of the indenter into the indented material,
an elevation of the original surface outside the indenter occurs. We
simply approximate this elevation as an uniform rise of the surface
level by an amount of du. The value of du then follows from the
assumption of incompressible plastic ﬂow and is
du ¼ db=ðW  bÞ: ð18Þ
We further simplify the shape of the plastic yield region to that
shown by the dotted line in Fig. 4. This simpliﬁed yield region has
depths dY in the range 0 < x < b, and dY in the range b < x < W .
The value of this representative depth dY is taken to be the average
of dY and d
0
Y . The magnitudes of corresponding representative
strains in the ranges 0 < x < b and b < x < W are taken simply toat 360 C for varying strain rates.
pdY
dY
d
du
W
b
Yd
x
y
RS
Fig. 4. Approximation of deformation in substrate with indentation.
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magnitude for the entire material under the indenter can then be
obtained as an weighted average of these two strain values. Thus
using (18) we have, as our representative strain rate,
_er ¼ bdWt
1
dY
þ 1dY
 
; ð19Þ
where t is the time to complete the indentation process.
In applying (19) to estimate a representative strain rate, the val-
ues of b and W are known from the indentation conﬁguration we
are modeling, while d and t are available from experimental mea-
surements of the indentation process. On the other hand, dY and d
0
Y ,
hence dY , are not directly available from measurements. Instead
they are outcomes of modeling the experiment and FEA. Therefore
we need to run our FEA simulation for an assumed strain rate and
companion yield stress to obtain dY and d
0
Y , and so a value of the
representative strain rate of (19). Then if the assumed and calcu-
lated strain rates are in fair agreement, the assumed strain rate is
in fact appropriate: if not, another rate needs to be assumed and
the estimation process repeated.
So proceeding to evaluate _er of (19), we have, from Jiang et al.
(2007),W=b ¼ 5:2 as previously, and from a typical molding exper-
imentd ¼ 220 lmwhen t ¼ 13 min.Then foranassumedstrain rate
of _e ¼ 3 104 s1 with consequent rY ¼ 15 MPa, FEA leads to esti-
mates of dY ¼ 730 lm and d0Y ¼ 560 lm.2 Hence from (19),
_er ¼ 1:6 104 s1, a factor of two less than the assumed rate. We
judge this value to be in fair accord with the assumed value, and
accordingly use this assumed strain rate and the stress–strain curve
shown in Fig. 3 for this strain rate in the remainder of this study.
3. Finite element analysis and veriﬁcation
The commercial code ANSYS, Version 11.0 with a university li-
cense,3 is used for the FEA. For discretization, we use four-node
quadrilateral elements (PLANE182, ANSYS, 2007). We also use sur-
face-to-surface contact elements (TARGE169 and CONTA171, ANSYS,2 From further FEA simulations, we ﬁnd these estimates of dY ; dY 0 to be fairly
insensitive to the assumed value of _e, and so ﬁnd _e ¼ 3 104 s1 in fact to be the
value from the three available with the best agreement with _er .
3 The university license limits the total number of the elements to be less than
128,000.2007) in conjunction with the Lagrange multiplier on contact normal
and penalty on tangent method for the contact algorithm. This com-
bination of elements and algorithm is demonstrated to be arguably
the most effective means for dealing with the present type of contact
problems using ANSYS in Sezer and Sinclair (2006).
After some tuning to capture the elastic stress-gradients pres-
ent, the initial coarse mesh (Mesh 1) features signiﬁcant element
size variation from the region near the edge of contact to the far
ﬁeld (Fig. 5(a), in which rollers indicate symmetry conditions).
Within the region of the smallest elements, element sizes are
essentially uniform. Also in the far ﬁeld, element sizes are nearly
uniform. Not shown in Fig. 5(a) is the mesh for the indenter. This
mesh is essentially a reﬂection of that for the indented material
in the contact region with nodes on the two aligned.
To check for convergence, we reﬁne the coarse mesh fairly sys-
tematically by halving element sides for the indenter and indented
material to produce three additional meshes (Meshes 2, 3, 4). This
results in numbers of host elements approximately quadrupling,
while numbers of contact elements double (Table 1).
Before running the elasto-plastic indentation simulation, two
elastic test problemsare carried out to verify themesh effectiveness.
The ﬁrst problem is that of frictionless indentation of an elastic half-
space by one rigid, long, strip punch with small edge radii. The sec-
ond problem is that of frictionless indentation of an elastic half-
space by a periodic array of long strip punches with sharp corners.
For thesingle-punchcase, anexact solution for thecontact stressdis-
tribution is available in Shtaerman (1949). For the periodic-punch
case, an analytical solution for the interior stresses is derived and in-
cluded in the Appendix that follow. For these two elastic test prob-
lems, we use the same element type, contact elements, and contact
algorithmas thoseusedultimately inelasto-plastic FEA.Comparison
with corresponding analytical solutions then enables an assessment
of the initial accuracy of our ﬁnite element meshes both on the con-
tact surface and within the indented material.
For the single-punch test problem, the indenter geometry and
rectangular coordinate system remain as in Fig. 2, but now the sub-
strate becomes a half-space. The single punch is rigid, the half-
space is elastic, and contact between the two is frictionless. From
Shtaerman (1949), the analytical solution for the contact stress,
rc ¼ ry for y ¼ 0 on 0 6 x 6 l, is
rc ¼ El2preð1m2Þ 2u0 sinuþ ln
sinðu0þuÞ
sinðu0uÞ


cosu sinu0sinu
sinu0þsinu


cosu0  
;
ð20Þ
where E and m are now the Young’s modulus and Poisson’s ratio of
the elastic half-space, respectively. In (20),
cosu ¼ x=l; cosu0 ¼ a=l; ð21Þ
and thecontact extent, l, is determined fromthenumerical solutionof
p ¼ E
8ð1 m2Þ
l2
reb
½2u0  sin 2u0: ð22Þ
The Shtaerman solution exhibits large contact stresses near the
edge of contact ðx  lÞ when re=b is small, as here. Capturing such
contact stress concentrations provides a stringent test for the FEA
mesh.
For FEA of this test problem, we can continue to exploit symme-
try about the y-axis to conﬁne attention to the quadrant
xP 0; yP 0. Within this quadrant, we need a ﬁnite subregion with
far-ﬁeld boundary conditions for FEA. On the bottom ðy ¼ HÞ, we
continue to take roller restraint conditions to resist the pressure
applied by the indenter, while on the right most boundary
ðx ¼ WÞ, we simply take stress-free conditions.4 Then to size this4 The actual tractions that act at these locations are not available in Shtaerman
(1949), nor are they readily derived.
Indenter Indenter
As in 
Fig. 5(a)
a b
Fig. 5. (a) Coarse mesh for actual simulation. (b) Extended coarse mesh for single-punch test problem.
Table 1
Element numbers in meshes.
Mesh number PLANE182 TARGE169 CONTA171
1(h) 842 (1074) 73 62
2(h) 3313 (4283) 146 123
3(h) 13,743 (17,466) 292 245
4(h) 53,754 (67,763) 582 489
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half-space, we successively double H and W until FEA contact stres-
ses do not change signiﬁcantly. We so ﬁnd that when
H=b ¼ W=b ¼ 64=3, peak contact stresses change by less than 0.2%
with further doubling and consequently judge these extents to be
sufﬁciently large.
The further speciﬁcations for the FEA of this test problem are as
follows. First, the values of re=b and h=b are taken to be 1/25 and 8/
3, respectively, as in our simulation. Second, Young’s modulus and
Poisson’s ratio are taken to be the same as those adopted for the
indented Al previously in Section 2. Third, to reﬂect the relatively
high rigidity of the indenter, the Young’s modulus of the indenter
is set to be 2 106ES while its Poisson’s ratio is taken to be 0.3.
The value chosen for the indenter modulus is larger than that used
in Sezer and Sinclair (2006): therein contact stress results are
shown to be insensitive to the choice of indenter modulus once
it exceeds one million times that of the indented material. Finally,
computations are conducted at two pressures applied on the top of
the indenter, p=ES ¼ 2:679 106 and p=ES ¼ 4:464 106. The lat-
ter applied pressure corresponds to the case where initial plastic
yielding is induced in the Al slab by a rigid indenter: the former
provides a check on response at an intermediate load which actu-
ally has a higher stress concentration.
Fig. 5(b) shows the initial coarse mesh (Mesh 1h) for the FEA of
the single-punch test problem. The mesh used for the elasto-plastic
indentation simulation, shown in Fig. 5(a), is used in the unmeshed
blank region shown in Fig. 5(b). To check for convergence, we re-
ﬁne the coarse mesh by halving element sides to produce three fur-
ther meshes (Meshes 2h, 3h, 4h). The resulting numbers of
elements for Mesh 1h through 4h are included in Table 1 in paren-
theses for PLANE182 elements (numbers remain the same for
TARGE169 and CONTA171 elements).
For the ultimate applied pressure ðp=ES ¼ 4:464 106Þ, the
corresponding contact stress distributions for all four meshes are
compared with Shtaerman’s analytical solution (20) in Fig. 6.Except for Mesh 1h, the FEA results closely follow the exact solu-
tion over most of the contact region ð0 6 x=l 6 0:9999Þ. Agreement
is not as good for the peak contact stress and at the edge of contact.
However, the FEA results appear to be converging in both locations.
To examine convergence of the key, peak, contact stress, Table 2
shows corresponding FEA results at both load levels. In Table 2, the
normalized peak contact stress, rmax, is deﬁned by
rmax ¼maxfrc=pg on 0 6 x < l: ð23Þ
Peak contact stresses are uniformly converging throughout the
present mesh sequence, with a convergence rate that is consistently
better than linear. To explain further, we model the error e on a
mesh with a representative element size of D with
e ¼ eo DDo
 c
; ð24Þ
wherein e ¼ eo forD ¼ Do, and c is the convergence rate. Fitting (24) to
the results in Table 2 gives amean convergence rate of c ¼ 1:69, with
a range of 1:49 6 c 6 1:93. The actual errors for the ultimate load are
8.1%, 2.4%, 0.7% and 0.2% onMeshes 1h, 2h, 3h and 4h. Corresponding
errors for the intermediate load are 11.8%, 4.2%, 1.4% and 0.4%. These
are larger because of the larger stress concentration present. How-
ever, when normalized by the ultimate load, these errors are 7.1%,
2.5%, 0.9% and 0.2%. Viewed in this light,Mesh 3h hasmaximum local
errors of less than1%. So as to keep computational effort down,weac-
cept this error level and judgeMesh 3 to have sufﬁcient initial surface
resolution to take the elasto-plastic simulation forward.
Toevaluate the appropriateness of the FEAmeshes for initial inte-
rior response in the actual, periodic, elasto-plastic application, the
periodic-punch test problem treats the frictionless indentation of an
elastichalf-spacebyaperiodicarrayof long, rigid, strippuncheswith
sharp corners. The contact stresses in this punch problem are as in
Sadowsky (1928) for a single ﬂat-ended punch.While these stresses
thus deviate from that in the single-punch test problem and our ac-
tual applicationnear the edgeof contact (as illustrated in Fig. 6), over
99% of the contact region they agree to within 0.1%. Thus we can ex-
pect interior response away from the edge of contact to be close be-
tween this test problem and our actual application.
The geometry for the periodic-punch test problem is the same
as in Fig. 2 except that re ¼ 0, thus l ¼ b: the coordinate system re-
mains the same as in Fig. 2. An analytical solution to the periodic-
punch test problem is derived and given in (A8) of the Appendix.
Although the analytical solution developed applies to the case
of punches with sharp corners, we continue to use the mesh of
Fig. 6. Comparison of FEA and exact contact stresses for the single-punch test problem.
Table 2
Normalized peak contact stresses, rmax, for the single-punch test problem.
Mesh number p=E ¼ 2:679 106 p=E ¼ 4:464 106
1h 123.307 108.404
2h 133.940 115.120
3h 137.813 117.100
4h 139.293 117.672
Exact value 139.821 117.941
3684 J. Jiang et al. / International Journal of Solids and Structures 46 (2009) 3677–3693Fig. 5(a) and reﬁned versions thereof with their small radius of cur-
vature near the edge of contact. From the foregoing discussion of
the closeness of the contact stresses with re small or zero away
from the edge of contact, we do not expect any signiﬁcant effect
from this discrepancy in the interior away from the edge of contact.
In addition, this continued use enables us to test exactly the same
meshes as ultimately used in the actual elasto-plastic simulation.
Material properties for the indenter and the molded material used
in the single-punch test problem are also adopted for the periodic-
punch test problem.
To assess the accuracy of the present FEA, values of rx and ry
along the y-axis from Meshes 1–4 are plotted in Fig. 7 and com-
pared with the analytical solution. For y=b > 10, FEA results are
the same as the analytical solution with both approaching periodic
Saint-Vennant values ðry=p ¼ b=W;rx=p ¼ mb=Wð1 mÞÞ. For
y=bP 2, results for Meshes 2–4 have converged to the analytical
solution and are virtually indistinguishable from it on the scale
in Fig. 7. For y=b < 2 and x ¼ 0, both rx and ry are converging on
Meshes 2–4, and have converged to within 0.4% on Mesh 3. A sim-
ilar comparison holds for rx and ry along the symmetry line at
x ¼ W .
In the near ﬁeld ðy=b < 2Þ, there are small but persistent differ-
ences between converged FEA stresses and analytical stresses
(maximum difference  1%). This is because of differences in
geometry near the edge of contact between the problem subjected
to FEA and the problem solved analytically: the former has a geom-
etry as in the close up in Fig. 2, the latter a geometry for a sharp-
edged punch.5 Given this explanation, then, we accept Mesh 3 as5 That this is so can be conﬁrmed by subjecting the actual problem solved
analytically to FEA with the same Meshes 1–4 except for some local modiﬁcations
near x ¼ l. When this is done, differences between converged FEA results and the
analytical solution are removed.having sufﬁcient initial interior resolution to take the elasto-plastic
simulation forward. In what follows, therefore, we use Mesh 3. To
continue to provide some veriﬁcation of this choice, we also use
Mesh 1. With just a two-mesh check, we need to assume a value
of the convergence rate. Here we conservatively take this to be linear
with c ¼ 1. Then with element extents being quartered in going from
Mesh 1 to Mesh 3, error estimates can be obtained from taking dif-
ferences between corresponding results and dividing by three. We
report on the outcome of these further veriﬁcation checks when
we discuss simulation results in Section 4.
In taking the elasto-plastic simulation forward with Mesh 3, we
need to select the load steps to be used. In the elasto-plastic sim-
ulation, the ‘‘load” is actually applied via the displacement of the
indenter, d, and the pressure required, p, then backed out: with
elastic, perfectly-plastic, material response, such an inverse ap-
proach tends to provide greater stability in the simulation. At the
outset we do this for as large an increment in d;Dd, as possible
so as to reduce computation. After some trial and error we ﬁnd that
Dd ¼ 0:1 lm enables the code to converge for dP 2 lm but not for
d < 2 lm: for d < 2 lm, we ﬁnd that Dd ¼ 0:01 lm sufﬁces (except
for the ﬁrst load step for which Dd ¼ 0:002 lm, corresponding to
the initiation of yield in the Al). With these initial choices, we
check for convergence of the pressure p with load step by succes-
sively halving Dd. Table 3 gives values of p for the resulting load
increments and for varying depths throughout the range treated
in the simulation (maximum d ¼ 37 lm). Based on differences be-
tween pressure values at a given depth, the values of p are consis-
tent with numerical convergence with load step, albeit oscillatory
convergence, and appear to have converged to within 0.1%. We
thus use Dd ¼ 0:0025 lm before d ¼ 2 lm and Dd ¼ 0:025 lm
after d ¼ 2 lm in the simulation.
During the elasto-plastic simulation, appreciable deformation
can accumulate. To avoid corresponding mesh distortion, rezon-
ing is applied (REZONE, ANSYS, 2007). Before d ¼ 2 lm, we sim-
ply rezone whenever required to keep the elasto-plastic
simulation continuing. That is, for example, when the code does
not converge at load step 40, we back up to load step 36, rezone,
and continue. This results in rezoning at load steps 36, 60, 76,
180, 280 and 800. After d ¼ 2 lm, we ﬁnd that the simulation
can proceed with rezoning every ten load steps (because Dd is
now ten times bigger, this corresponds to 100 of our initial
Dd). To check for convergence, we then double the number of
rezones. Table 3 includes results for this double rezoning and
Fig. 7. Comparison of FEA and analytical interior stresses for the periodic-punch test problem on x ¼ 0.
Table 3
Load step convergence check of pressure, p (MPa).
Molding depth, d ðlmÞ Dd Dd=2 Dd=4 Dd=4 (DR)
1 43.926 44.056 44.013 44.021
10 45.290 45.285 45.285 45.289
20 46.360 46.337 46.353 46.359
30 47.241 47.294 47.257 47.277
35 47.693 47.763 47.745 47.725
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pear to have converged to with 0.05%.
Ultimately, at d ¼ 37 lm, we cannot get the version of ANSYS
used (ANSYS, 2007) to converge for further load steps. This lack
of convergence persists for either Mesh 3 or Mesh 1, for yet smaller
Dd, and for double rezoning. Possibly a more reﬁned mesh than al-
lowed by the university license limits would enable the simulation
to progress further. Here, though, the results that follow are only
up to this modest ultimate depth of 37 lm or b=2 (cf. experimental
molding depths of 220 lm or 3b).
4. Finite element results and validation
The molding response, as determined by the FEA, is displayed in
Fig. 8 in terms of the molding pressure p normalized by the yield
strength rY versus the molding depth d normalized by the punch
half-width b. An initially stiff response is observed, with p=rY ris-
ing rapidly with increasing d=b, followed by a much more compli-
ant response, with p=rY increasing approximately linearly with
d=b, consistent with (2). A fairly sharp knee separates these two re-
sponses. The latter response terminates at the maximum depth at-
tained in the present simulation.
Further veriﬁcation of the FEA is also illustrated in Fig. 8, which
shows molding response curves obtained with Mesh 1 and with
Mesh 3. On the scale of Fig. 8, no perceptible difference can be dis-
cerned in the initial stiff elastic portion of the response curve. In
the more compliant plastic regime, the difference in the values of
p=rY , as calculated from Mesh 1 and 3, is on average 1.5% and at
most 3.1% within the range 0:05 6 d=b 6 0:5. Assuming a conver-
gence rate c ¼ 1, corresponding error estimates are on average
0.5% and at most 1%. Thus the normalized molding pressure isnot that sensitive to the mesh employed, and either mesh could
sufﬁce to compute this response. We comment further on underly-
ing reasons for the good agreement between molding pressures for
the two meshes subsequently when we discuss contact stresses,
though certainly one factor is that p=rY versus d=b represents an
averaged response integrated over the entire punch, and hence is
less sensitive to the detailed determination of the stress distribu-
tion underneath the indenter. For d=b 6 0:25, and Mesh 3, includ-
ing friction with a coefﬁcient of 0.7 increases p=rY but only by at
most 1.5%, justifying our earlier expectation in this regard.
Fig. 9 shows the experimentally-measured molding response of Al
at 360 C from Jiang et al. (2007), together with the corresponding
FEA results. The experimental data points shown in Fig. 9 represent
the collection of data from ﬁve separate molding runs under the
same nominal conditions. At small molding depths of d=b < 0:02,
the data scatter is the most evident. The apparent negative mold-
ing depth in Fig. 9 simply reﬂects experimental scatter after a sys-
tem stiffness contribution to d is subtracted off (see Jiang et al.,
2007, for details). The FEA output in Fig. 9 for the normalized mold-
ing response of Al is obtained using the stress–strain relationship
shown in Fig. 3 for Al as input. It is noted that both the experimen-
tal data and the FEA output show a ﬁrst regime with a stiff re-
sponse followed by second regime with a much less stiff
response. In the second regime, pressure increases approximately
linearly with increasing molding depth. A fairly sharp turning point
separates the two regimes. For the experimental data, the turning
point is located in the range 2:3 6 p=rY 6 2:7 (values obtained by
extrapolating the linear data for d=bP 2:5 back to intersect the
elastic response from FEA). For the FEA results, the turning point
is at p=rY  2:9, a difference of about 16% from the mid-range
experimental value.
While the intent here is to capture trends rather than accurately
replicate experimental results with the ﬁnite element simulation,
this difference nonetheless merits comment. Probably the biggest
contributor to this difference results from the fact that the exper-
imental conﬁguration is three dimensional whereas we have
approximated it with a two-dimensional plane-strain analysis.
Although a plane-strain analysis is deﬁnitely more physically
appropriate than a plane-stress analysis because the indenters
are relatively long in the out-of-plane direction, it is however more
constrained than a three-dimensional analysis. Consequently turn-
Fig. 9. Comparison of molding responses: FEA and experiment.
Fig. 8. Molding response: normalized molding pressure p=rY vs. normalized molding depth d=b with different meshes.
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two-dimensional model than they are in reality for a three-dimen-
sional experimental conﬁguration.6 An additional contributor to
this difference could be the strain rate effects discussed earlier.
A further possible contributor to differences between experi-
mental results and the ﬁnite element simulation deserves discus-
sion. This is the role of grain size effects at the size scales
involved. To investigate these effects, the grain size of the molded
aluminum was determined via metallography. This determination
gave grain sizes in the 10–100 lm range. Given the nominal
dimensions of a single ﬂat punch ð150 9500 lmÞ, this means
that, at a minimum, 140 grains are contacted by a single punch.
This is probably a large enough number to admit to the averaging
and homogenization implicit in the continuummechanics underly-
ing the ﬁnite element simulation and thereby not lead to large dif-6 As an indication of this trend we report that, when the simulation is run in the
underconstrained plane-stress state, the turning-point value of p=rY drops to 1.4.ferences between experimental and theoretical results, at least as
far as Fig. 9 is concerned.
Returning to our principal objective of capturing trends, what is
most signiﬁcant in Fig. 9 is that both the experimental and the
ﬁnite element results follow (2). That is, they have
p
rY
¼ C þ C 0 d
b
: ð25Þ
While the values of C and C
0
differ between the two, they nonethe-
less qualify as constants within their somewhat distinct experimen-
tal and theoretical contexts (i.e., 3D vs 2D). For C from experiments,
increasing rY by a factor of 2.3 in Jiang et al. (2007) left it un-
changed. To check for a parallel theoretical insensitivity, we redid
our simulation with rY increased by a factor of 2 with all other
aspects as previously. While some differences result in the elasto-
plastic state, on the scale of Fig. 9 results for the two rY are indis-
tinguishable from one another. Hence C can reasonably be regarded
as qualifying as a constant with respect to variations in yield stress.
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in general, and here with respect to indenter spacing in particular.
Modeling the experimental conﬁguration, b=W ¼ 5=26 in the ﬁnite
element simulation. As b !W , response ultimately has to change
because in the limit b ¼ W the conﬁguration simply becomes one
of pure compression with no sidewall contact, a markedly different
physical situation. To assess, then, what range of spacing the cur-
rent theoretical values of the constants in (25) apply, we redid
the simulation for varying b=W . We so determined that for
b=W 6 1=3, results in Fig. 9 are also indistinguishable from one an-
other, and that therefore C and C
0
qualify as constants within this
range of spacing.
Further in Fig. 9, both the experimental and the ﬁnite element
results display reduced but deﬁnitely not negligible stiffness after
the knee in their response (i.e., C0–0). Considering that both are
for perfectly-plastic materials post yield and that no sidewall con-
tact occurs in the FEA, this nonnegligible stiffness warrants an
explanation. We offer a qualitative argument for this response by
considering conservation of energy as indentation proceeds.
Ignoring elastic strains and any temperature increases, the work
done by the indenter must equal the plastic strain energy pro-
duced. Thus for a perfectly-plastic substrate occupying the period-
ically representative region RS, conservation of energy has
pbd ¼ rYerAY : ð26Þ
In (26), AY is the area of the yield region within RS and er continues
as a representative strain throughout AY . Increasing the molding
pressure to pþ Dp results in changes of d to dþ Dd; er to er þ Der
and AY to AY þ DAY , while rY remains constant because the sub-
strate is perfectly plastic. Then the incremental work done is bal-
anced by the incremental increase in the plastic strain energy:
that is, to ﬁrst order,
pbDd ¼ rY ðAYDer þ erDAY Þ: ð27Þ
Introducing the dimensionless variables d ¼ d=b and aY ¼ AY=b2,
then taking the limit Dd! 0, gives
p
rY
¼ d
dd
ðeraYÞ: ð28Þ
Differentiating gives
d
dd
p
rY
 
¼ d
2
dd2
ðeraYÞ: ð29Þ
Hence the molding response stiffens even when the substrate is
perfectly plastic if the second derivative of the total plastic strain,
eraY , is positive.
Although an accurate calculation of the second derivative in
(29) is difﬁcult, an estimate can be obtained following along the
lines of that found for the representative strain rate in Section 2.
Speciﬁcally, estimates of er and AY can be obtained from (19) and
the simpliﬁed description of the yield region as shown in Fig. 4:
thus
er ¼ bdW
1
dY
þ 1dY
 
;
AY ¼ dYbþ dY ðW  bÞ: ð30Þ
Fitting FEA values for yield depths leads to
dY=b ¼ 2:05dþ 3:72;
dY=b ¼ 2:41dþ 1:55;
ð31Þ
for dP 0:23 (the d0Y needed for
dY does not exist for d < 0:23 so that
dY is not well deﬁned for such smaller indentations). Substituting
(31) into (30), assembling the product term in (29), differentiating,
then evaluating, in fact gives a right-hand side that is positive butdecreasing to zero as Oðd3Þ as d increases. Thus following the sharp
turning point, the preceding energy argument offers an explanation
of how the molding pressure can increase with depth despite the
substrate being perfectly plastic. Ultimately, however, this source
of stiffening can be expected to be negligible.
While the FEA simulation terminates as shown in Figs. 8 and 9,
the experimental response is measured for far greater depths. At
these depths, then, the foregoing source of stiffening can be ex-
pected to be replaced by stiffening due to sidewall contact with
friction. Experimental examinations of the sidewall morphologies
of molded metal microchannels indicate the existence of sidewall
contact, and consequently, a frictional contribution to the total
molding force. Such frictional contributions are further conﬁrmed
by the pull-out forces needed to remove inserts from the molded
substrate. While the present plane-strain FEA did not proceed far
enough to lead to sidewall contact, the motion of the substrate sur-
face in the simulation is consistent with that ultimately leading to
sidewall contact. This observation was conﬁrmed by running the
simulation in the under constrained plane-stress state. The
plane-stress simulation did lead to sidewall contact. Comparing
the initial motions of the substrate surface in plane strain and
plane stress showed them to be very similar in geometry.
Inorder to consider the early response inmoredetail, a log scale is
used on the d=b axis in Fig. 10. The results used in this ﬁgure are from
the FEAwithMesh3.With this log scale, three response states canbe
more readily discerned. The ﬁrst is an elastic state that occurs over a
very small range of indentation depths, 0 6 d=b 6 2:7 105, and
normalized pressures, 0 6 p=rY 6 2:4 102. The second is an elas-
to-plastic state in which subsurface yielding and plastic ﬂow com-
mences but nonetheless response is still stiff (the apparent
increase in stiffness in Fig. 10 is an artifact of the log scale – actual
stiffness isdecreasingbut only slightly so). For this state, indentation
depths are in the range 2:7 105 6 d=b 6 8:0 103, and normal-
ized pressures are in the range 2:4 102 6 p=rY 6 2:9. The third
is a fully-plastic state, inwhich theyield regionhas spanned theentire
width of the representative substrate region RS and response is far
more compliant. This state startswhere there is an apparent discon-
tinuity in the slope of the p=rY versus d=b curve. Such a clear transi-
tion is absent from spherical indentation problems (e.g., Sinclair
et al., 1985), but has been observed in previous plane-strain simula-
tions of cylindrical indentation (Dumas and Baronet, 1971 and Cinar
and Sinclair, 1986). This knee sets the beginning of what we choose
to term a fully-plastic state wherein response is far more compliant
but nonetheless still stiffening with continued indentation (again
the apparent increase in stiffness in Fig. 10 is an artifact of the log
scale – actual stiffness is constant). Thus in Fig. 10, the range of
indentation depths for this state is 8:0 103 6 d=b 6 0:5 and the
range of normalized pressures is 2:9 6 p=rY 6 3:2. While the great
majority of molding responses consequently lie in the so-deﬁned
fully-plastic state, responses for the secondary application of this
work concerning dovetail attachments lie in the elasto-plastic state.
Accordingly, after a brief discussion of elastic stresses, we comment
further on the stresses in both states in what follows.
The upper limit of the elastic state has a 40% higher value of
p=rY in the present simulation than in the earlier, single-punch,
test problem. This is primarily because of the introduction of com-
pliance in the indenter. Thus at this limit, the value of rmax is lower
being 83.1 instead of 117.9, and if anything the FEA meshes used
should be even more accurate. For both rigid and compliant inden-
ters, the value of the maximum contact stress normalized by the
yield stress is about 1.95. This is close to the value for the Hertzian
contact of a rigid cylinder with an elastic half-space (1.83 for m =
0.33 from p. 102, Johnson, 1985). This agreement is not surprising
because near the edge of contact the stress distributions for the
present strip punch problems are fairly close to Hertzian (e.g.,
Fig. 6 for 0:99995 6 x=l 6 1:0Þ. Over the entire contact region, the
Fig. 10. Molding response states.
Fig. 11. Contact stress distribution in the elastic state.
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the point of ﬁrst yielding ðp=rY ¼ 2:4 102Þ. The results in Fig. 11
are from FEA and Mesh 3: alternatively, they can be obtained can
be obtained quite accurately from the analytical solution of Shtaer-
man (1949) on introducing the lower applied pressure in (20)–
(22). Likewise interior stresses on the y-axis can be obtained from
the analytical solution in the Appendix in (A8).7
To track the change in contact stress distribution as indentation
progresses from the elastic state to elasto-plastic and fully-plastic
states, we introduce a contact coordinate s that runs along the edge
of the punch. The values of the normalized contact coordinate, s=b,
of 0 ðs ¼ 0Þ and 0.96 ðs ¼ aÞ correspond to locations at the punch
center and at the end of the ﬂat punch bottom, respectively. As
the punch sinks into the indented material, s=b can become larger7 This latter solution for p=rY ¼ 2:4 102 can also be used to check the
displacement under the center of a punch. The FEA from Mesh 3 and this analytical
solution agree to within 0.2% for this displacement.than 0.96. When s 6 0:96, the contact stress rc ¼ ry for y ¼ 0;
when s > 0:96; rc ¼ rr for r ¼ re (Fig. 2).
With the contact stress so deﬁned, Fig. 12 shows contact stress
distributions at different normalized pressures in the elasto-plastic
state. In contrast to the molding response, these results do exhibit
some mesh dependence. For peak values near s  1, there are
node-to-node oscillations in stress values of about 24% of the peak
value for Mesh 1. These oscillations occur more frequently for
Mesh 3 because of the greater number of nodes, but are reduced
in amplitude to about 6%. Thus while trends in Fig. 12 are probably
well enough captured to bear comment, precise values are proba-
bly not well enough computed to be reliable. What Fig. 12 indi-
cates, then, is that a signiﬁcant contact stress concentration
persists into the elasto-plastic state. Even though rmax has de-
creased from about 83 at the initiation of plastic yielding, its values
are still about 6 and 3 at p=rY ¼ 0:5 and 1.0, respectively.
For our secondary application concerning dovetail attachments
in gas turbines, because at maximum rpm p=rY  0:7 for these
Fig. 12. Contact stress distributions in the elasto-plastic state.
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foregoing FEA has some implications. Assuming continued linear
convergence, here if contact stresses in the elasto-plastic state that
had converged to within 1% were sought, a further three reﬁne-
ments of Mesh 3 would be required (i.e., a Mesh 7 in effect). Thus
while the single-punch test problem with the solution of Shtaer-
man (1949) should serve well for assessing accuracy of FEA in
the elastic state for dovetail attachments, further mesh reﬁnement
can be expected if the same levels of accuracy are to result in the
elasto-plastic state. Too, for dovetail attachments, friction effects
need to be included because of the signiﬁcance of relative motion
between contacting surfaces. This further nonlinearity can only
make mesh reﬁnement levels yet more stringent.
The contact stresses in the fully-plastic state at different normal-
ized pressures are shown in Fig. 13. These results are for Mesh 3:
however, results for Mesh 1 show little difference and both are free
of the node-to-node oscillations present in the elasto-plastic state.
It is apparent in Fig. 13 that the contact stress concentration is al-
most completely abated, with rmax ¼ 1:03. Thus in the fully-plastic
state, the punch is subjected to approximately uniform compres-
sion, with little contact stress variation across the punch bottom.Fig. 13. Contact stress distributioThis nearly uniform stress state is what underlies the insensitivity
to mesh reﬁnement noted earlier in Fig. 8. A similar abatement of
contact stress concentration is demonstrated in Bijak- _Zochowski
and Marek (1996), Fig. 10, for a single ﬂat strip punch on an elas-
to-plastic substrate. This abatement is what is taken advantage of
to reduce strength requirements for inserts and so enable compres-
sion molding of Al with silicon inserts in Jiang et al. (2008b).
Interior stresses down the y-axis are shown in Fig. 14 for different
normalized pressures in the elasto-plastic state. On this line of symme-
try, there is little mesh dependence and stresses have converged to
within 1% of respective p. For all p, these stresses exhibit subsurface
turning points that are characteristic of elasto-plastic contact prob-
lems, and, with increasing depths, these stresses approach elastic,
periodic, Saint-Vennant values (rx=p ¼ 0:09;ry=p ¼ 0:19 for
mS ¼ 0:33Þ. For p=rY ¼ 0:5 and 1.0,rx distributions are virtually indis-
tinguishable from one another when normalized by respective p. The
same outcome holds for ry=p. For higher loading with p=rY ¼ 2:0,
some differences from earlier rx=p and from earlier ry=p start to be-
come evident as response transitions to that in the fully-plastic state.
Interior stresses down the y-axis are shown in Fig. 15 for two
normalized pressures at the beginning and the end of the presentns in the fully-plastic state.
Fig. 14. Interior stresses on the y-axis in the elasto-plastic state.
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dependence and stresses have converged to within 1% of p. For
both p, these stresses exhibit near-surface, minor, turning points,
and rx exhibits a second subsurface turning point near y=b ¼ 4.
At greater depths, both stress components continue to approach
periodic Saint-Vennant values. For respective stress components,
there is also little difference in distributions when normalized by p.
Yield regions with increasing molding pressures are shown in
Fig. 16 in both the elasto-plastic and fully-plastic states. These re-
gions are drawn to scale, as are the dimensions of the conﬁguration
(except for the substrate depth Hwhich is omitted). Initial yielding
occurs under the peak contact stress and, as is the norm in con-
forming contact problems, a little beneath the surface. When
p=rY ¼ 0:5 in the elasto-plastic state, this yield region has grown
to just reach the surface, but is still small (see close-up in Fig. 16,
which is also to scale). Even when p=rY ¼ 1:0, the yield region isFig. 15. Interior stresses on the y-only of extent about equal to re or 4% of b. Eventually when
p=rY ¼ 2:0, the yield region is of extent comparable to b. There re-
mains, however, an elastic enclave when x=b < 0:7 and y ¼ 0, and
the extent to which the yield region has penetrated the surface is
limited to about 0:3b in width and resides largely under the punch.
In the fully-plastic state, the yield region has broken through the
entire upper surface and spans the complete width W of RS
(p=rY ¼ 3:0 and 3.2 in Fig. 16). Further, the yield region propaga-
tion in the direction of the y-axis looks close to being self similar.
These two yield region boundaries parallel each other in a manner
that is quite similar to that found for spherical indentation (e.g., as
found via FEA in Sinclair et al., 1985, Fig. 8, for a=R in the range 0.1–
0.3, a being the contact radius, R the sphere radius; some experi-
mental conﬁrmation in this range may be found in Samuels and
Mulhearn, 1957). This yield region propagation is in marked con-
trast to yield regions for cylindrical plane-strain indentationsaxis in the fully-plastic state.
Wb
p/σY =2.0
re
p/σY =3.0
p/σY =3.2
p/σY =1.0
p/σY =0.5
x
y
Fig. 16. Yield region propagation (propagation of indentor not shown).
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which growth down the y-axis occurs at a signiﬁcantly higher rate
than that along the x-axis).
To quantify this self-similarity to a degree, we consider the
depths of the end points of the yield region, dY and d
0
Y as deﬁned
in Fig. 4. For the present conﬁguration, self-similar propagation
of the yield region has that these two depths scale with the mold-
ing depth d with a common factor. Fitting FEA results in the latter
part of the simulation in the fully-plastic state gives
dY=b ¼ 1:60dþ 4:03;
d0Y=b ¼ 1:77d 0:17;
ð32Þ
for dP 0:42. Thus scale factors agree to within 11%, and so are in
satisfactory accord with the attainment of self-similar response.
Ultimately, self-similarity eventually has to cease for the pres-
ent conﬁguration when the yield region has propagated all the
way through the substrate. This occurs when elastic, periodic,
Saint-Vennant values of stresses are at yield. That is when the
von Mises stress rVM ¼ ð1 2mÞpb=ð1 mÞW for y ! H equals rY .
Here this occurs when p=rY ¼ 10:2, a value well in excess of FEA
values, and even experimental values in Jiang et al. (2007) where
p=rY < 5.
5. Concluding remarks
An FEA of the indentation of an elastic perfectly-plastic sub-
strate by a periodic array of frictionless ﬂat punches with small
edge radii is reported. Initially, the small radii promote high stress
concentrations near the edges of contact, with stresses being of the
order of 100 times the applied pressure. These stress concentra-
tions challenge FEA. To ensure such challenges are met in the ini-
tial elastic state, the present FEA is compared with two test
problems with known analytical solutions. In subsequent elasto-
plastic and fully-plastic states, convergence checks are also per-
formed. In concert, these veriﬁcation checks indicate that typically
FEA results have converged to within about 1%, though some local
stresses in the elasto-plastic state possess oscillations of the order
of 6%.
The FEA is further conﬁrmed by comparison with corresponding
experimental results in Jiang et al. (2007). This comparison demon-
strates that both the FEA and the experiments share the same basicresponse: namely, an initial stiff response for the applied pressure
with increasing indentation depth, followed by a more compliant
response though nonetheless still with some stiffening (Fig. 9).
Thus both analysis and experiments conﬁrm the basic relation
of (2) between applied molding pressures p and indentation depths
d. That is, a constant contribution C together with a linear depen-
dence with coefﬁcient C
0
. For the present conﬁguration, the con-
stant C is in the range 2–3 while the constant C0 is in the range
0.5–1. As for spherical indentation of an elasto-plastic substrate,
the C contribution is associated with self-similar response in a
fully-plastic state: self-similar response is conﬁrmed here for
d=b 6 1=2 to about the same degree as found with earlier FEA of
spherical indentation. The additional C0 contribution is attributable
initially to a nonlinear rate of plastic strain increase as indicated
here: ultimately the C0 contribution is attributable to sidewall con-
tact with friction as found experimentally in Jiang et al. (2007).
What (2) implies for microscale compression molding with strip
punches is that a knowledge of substrate yield stresses at elevated
temperatures is all that is required to design required molding
pressures, and thereby given geometry, required molding forces.
From the present study, this can be expected to be so for elastic
perfectly-plastic substrates. Following Tabor (1951), an appropri-
ately deﬁned ﬂow stress may enable the same design consequence
to hold for substrates that work harden.
The present study also has implications regarding the strength
requirements of inserts. Because of the rapid abatement of stress
concentration within the contact region (Figs. 11–13), these
requirements are set by stresses at the outset and at the culmina-
tion of the molding process. In the contact vicinity at the outset,
speciﬁcally at the load for ﬁrst yield, the tensile strength of inserts
needs to be greater than 4frY where f is the coefﬁcient of friction
between the strip punches and the substrate and rY continues as
the yield stress of the substrate (from the locally Hertzian nature
of edge contact stresses, Fig. 6, the relative motion there, and Porit-
sky, 1950). In the contact vicinity at the culmination, the compres-
sive strength of inserts needs to be greater than p of (2) at
maximum d. With low substrate rY , such strength requirements
can be quite modest and so enable inserts to be made of materials
with less strength than often envisioned (e.g., with silicon, Jiang
et al., 2008b).
There are some aspects of the present study that could beneﬁt
from further investigation. Speciﬁcally, a quantiﬁcation of three-
dimensional effects and a determination of simulation results for
greater molding depths. While computationally challenging to ob-
tain, such ﬁnite element results could well serve to improve quan-
titative agreement between experimental and theoretical values.Acknowledgements
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0400061 and CMMI-0556100.Appendix
The inverse problem that serves as our periodic-punch test
problem may be stated as follows. In general, we seek the plane-
strain stresses rx; ry and sxy, and their associated displacements
u and v, as functions of x and y throughout RS, satisfying the appro-
priate ﬁeld equations and boundary conditions. The ﬁeld equations
are: the two-dimensional stress equations of equilibrium, and the
stress versus displacement relations for a linear elastic, homoge-
neous and isotropic, solid in a state of plane strain. The boundary
conditions are: the applied-stress conditions
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2  x21=2; sxy ¼ 0; ðA1Þ
on y ¼ 0 for 0 < x < l, where p is now the average pressure on this
interval, together with stress-free, periodic symmetry, and far-ﬁeld
roller conditions as in (12)–(14) sans dots. In particular, we are
interested in the interior stresses down the y-axis.
The solution of the foregoing problem follows from the super-
position of Airy stress functions /0 and /n given by
/0 ¼ 
pl
2W
x2 þ m
1 m y
2
 	
;
/n ¼ ½chanðH  yÞ þ bnðH  yÞshanðH  yÞ cosanx;
ðA2Þ
where an and bn are constants. Because these are both biharmonic
functions, stresses generated by them using the usual relations
are not only in equilibrium but also compatible, thereby ensuring
companion displacements exist. For /0, such stresses and ensuing
displacements capture average stress effects in RS and satisfy (13)
and (14) sans dots. For /n, stress and displacements satisfy like ver-
sions of (13) and (14) provided
an ¼ np=W; ðA3Þ
for n ¼ 1;2; . . . The shear-free conditions in (A1) and (12) sans dots
can then be met by taking
bn ¼
an thanH
anH þ thanH : ðA4Þ
With (A3) and (A4) holding in (A2), our complete Airy stress func-
tion / is then given by
/ ¼ /0 þ
X1
n¼1
an/n; ðA5Þ
wherein an are the coefﬁcients to be adjusted to meet the one
remaining boundary condition, ry of (A1) and (12) sans dots. Substi-
tuting (A5) into these conditions leads to
an ¼ 4plpDn
Z l
0
;
cosanxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2  x2
p dx
Dn ¼ a2nWðchanH þ bnH shanHÞ:
ðA6Þ
On making the change of variable x ¼ l sin s and using the integral
representation for the zeroth-order Bessel function, an of (A6)
becomes
an ¼ 2plJ0ðanlÞ=Dn: ðA7Þ
In effect, an of (A7) completes the solution of the problem.
In particular, the solution for the stresses on the y-axis has
rxjx¼0 ¼
pl
W
m
1m
X1
n¼1
2npJ0ðanlÞ
Dn
½ðanþ2bnÞchanðHyÞþanbnðHyÞshanðHyÞ
" #
;
ryjx¼0 ¼
pl
W
1þ
X1
n¼1
2npanJ0ðanlÞ
Dn
½chanðHyÞþbnðHyÞshanðHyÞ
" #
:
ðA8Þ
These series solutions are only conditionally convergent for y ¼ 0.
However, for y ¼ 0, we know that ry ¼ 2p=p;rx ¼ ry þ pl
ð1 2mÞ=Wð1 mÞ from (A1) and elasticity theory. For y > 0, the ser-
ies converge rapidly because of exponential decay with increasing n.
These are the series sums used in Fig. 7.
To pose the foregoing inverse problem as a contact problem, we
simply need to prescribe the solution for the vertical displacement
on 0 < x < l as the proﬁle of a rigid frictionless punch with sharp
edges. The required displacement solution is
v jy¼0 ¼
plð1þ mÞ
E
1 2m
1 m
H
W

X1
n¼1
4ð1 mÞJ0ðanlÞ
Dn
bn shanH cosanx
" #
:
ðA9ÞThis series converges slowly near x ¼ l because of Gibbs phenome-
non, but nonetheless can be summed even at this location to within
0.1% with 3200 terms.
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